The problem of nding the maximum diameter of n equal mutually disjoint circles inside a unit square is addressed in this paper. Exact solutions exist for only n = 1; : : : ; 9; 10; 16; 25; 36 while for other n only conjectural solutions have been reported. In this work a max{min optimization approach is introduced which matches the best reported solutions in the literature for all n 30, yields a better con guration for n = 15, and provides new results for n = 28 and 29.
Introduction
The problem of nding the maximum diameter of equal non{overlapping circles contained in a unit square is equivalent to maximizing the minimum pairwise distance among n points in a unit square. This problem has been solved exactly for only n = 1; : : :; 9; 10; 16; 25; 36. For 2 n 5 the problem can be easily solved using simple geometric arguments. Graham derived the result for n = 6 according to Croft et al. 1] , and Schaer 2, 3] rst reported the solutions for n = 8 and n = 9.
The case n = 10 has been improved successively by Goldberg 4] and Schaer 5] , However, the currently best known solution has rst been reported by Schl uter 6]. Subsequently, Milano 7] and Valette 8] came up with less dense solutions and lately the best con guration has been published again independently by Gr unbaum 9] and Mollard and Payan 10]. Recently, de Groot et al. 11] by using an elimination algorithm proved that the solution rst given by Schl uter 6] is indeed exact. The most thorough work on this problem has been published by Goldberg 4] in which conjectural optimal arrangements were provided for n 27 as well as for some n > 27. For n = 11 and n = 13 Mollard and Payan 10] lately reported better solutions, for n = 14 rst Wengerodt 12] and then Mollard and Payan 10] provided the same improved solution. 1 Author to whom all correspondence should be addressed.
Finally, for n = 16; 25 and 36, Wengerodt 13, 14, 15] matched the solutions given by Goldberg 4] . In this paper a max{min optimization approach is presented which yields improved solutions for n = 15, new con gurations for n = 28 and 29 and matches the best reported con gurations for up to n = 30.
Basic approach
The problem of maximizing the minimum pairwise distance of n points which are contained in a unit square can be formulated as the following max{min optimization problem. involves a linear objective function subject to quadratic concave inequality constraints plus box constraints for the x i ; y i variables. By utilizing the General Algebraic Modeling System GAMS 2.25 16] as a programming environment, and the nonlinear programming solver MINOS 5.3 17] the programming problem (P2) was solved for every n up to n = 30. Since the employed solver provides no theoretical guarantee that the algorithm will converge to the global optimum, multiple initial points were used in order to span most of the parameter space. The selection of the initial points was based upon (i) partitioning the initial square into a number of equal rectangles whose sides are equal or almost equal and (ii) generating randomly points uniformily distributed inside every rectangle. For n = 15; 28; 29 new better con gurations were found, in any other case the best reported solution was generated along with a plethora of slightly inferior con gurations with di erences in the fth or even sixth decimal place in the objective function. The importance of this method lies in the fact that it provides an e cient way for systematically generating optimal con gurations. Asymmetric con gurations, among which the best solution is likely to be found for large n, can be easily generated since no assumptions are introduced for the distribution of the points inside the square. It should also be noted that this method can be easily modi ed for other packing problems like packing of spheres in a cube or packing of circles in a ralilatelar triangle.
Discussion of results
For n 9 our approach generated the already proven best con gurations, which are illustrated in Goldberg Table 1 . The adjacent graphs for the new solutions (n=15,28, and 29) are given in Figures 1, 2, 3 . Due to space limitations further adjacent graphs as well as coordinates of the generated optimal con gurations can be obtained by the authors upon request.
While the derived con gurations correspond to local minima of formulation (P2), the frequency with which they appear as solutions of (P2) suggest that they are reasonable candidates for being the global optimum solutions. Nevertheless, work is currently underway for applying a global optimization approach proposed by Floudas and Visweswaran 18, 19] in the problem at hand which will enable us to verify global optimality. Table 1 : Minimal separation between n points in a unit square.
